Abstract. An exact analytic evaluation of the second Born contribution of the long-range potentials, which fall off as r-" as r + a , to the phaseshifts of higher partial waves (21>2n -5 ) is presented. This expression agrees, for n =4, with the second term in the energy expansion of the phaseshifts obtained previously by Ali and Fraser. The expression can be used for predicting higher partial-wave phaseshifts as well as for determining the phaseshifts from experimental scattering data. The scattering of a particle of energy E = fi2k2/2p by a spherically symmetric potential can be best described in terms of phaseshifts, of various partial waves, which are functions of the wavenumber k For long-range potentials which fall off as r-' when r 3 CO, the computation of the phaseshifts for any angular momentum 1 requires special consideration. For example, in the scattering of a charged projectile by a neutral polarisable system, where the dominant long-range effect is the l / r4 interaction arising from the adiabatic dipole polarisability of the target, it is known that the leading term in the energy expansion of the higher phaseshifts is proportional to k2 independent of 1 (O'Malley et a1 1961). The I-dependent coefficient of this leading term was obtained analytically by O'Malley et al. The next term, proportional to k4, in the energy expansion of the higher phaseshifts ( I S 2 ) for the l / r 4 interaction was obtained analytically by Ali and Fraser (1977) . Using mathematical arguments it has been shown (Levy and Keller 1963) that the leading term of O'Malley et a1 is identical to the first Born contribution of the long range l / r 4 potential to the higher phaseshifts. In this paper we show explicitly that the next term obtained by Ali and Fraser is essentially the second Born contribution of the l / r 4 potential to the higher phaseshifts. Thus, our analysis will provide an alternative derivation of the second term in the low-energy expansion of the higher phaseshifts. In fact, the procedure given below can easily be extended to obtain explicitly higher Born contributions to the phaseshifts for any long-range interaction.
The scattering of a particle of energy E = fi2k2/2p by a spherically symmetric potential can be best described in terms of phaseshifts, of various partial waves, which are functions of the wavenumber k For long-range potentials which fall off as r-' when r 3 CO, the computation of the phaseshifts for any angular momentum 1 requires special consideration. For example, in the scattering of a charged projectile by a neutral polarisable system, where the dominant long-range effect is the l / r4 interaction arising from the adiabatic dipole polarisability of the target, it is known that the leading term in the energy expansion of the higher phaseshifts is proportional to k2 independent of 1 (O'Malley et a1 1961). The I-dependent coefficient of this leading term was obtained analytically by O'Malley et al. The next term, proportional to k4, in the energy expansion of the higher phaseshifts ( I S 2 ) for the l / r 4 interaction was obtained analytically by Ali and Fraser (1977) . Using mathematical arguments it has been shown (Levy and Keller 1963) that the leading term of O'Malley et a1 is identical to the first Born contribution of the long range l / r 4 potential to the higher phaseshifts. In this paper we show explicitly that the next term obtained by Ali and Fraser is essentially the second Born contribution of the l / r 4 potential to the higher phaseshifts. Thus, our analysis will provide an alternative derivation of the second term in the low-energy expansion of the higher phaseshifts. In fact, the procedure given below can easily be extended to obtain explicitly higher Born contributions to the phaseshifts for any long-range interaction.
Since long-range potentials of various inverse powers of r appear in several applications in atomic and molecular physics, we consider a general long-range spherically symmetric potential of the form V(r) = c,,u,"-' e'/r" (1) where the constants in the coefficient (e is the electronic charge, a,= *'/me' is the Bohr radius and m is the mass of the electron) have been chosen so that the C, are dimensionless. The final result will be simplified only for n = 4. The second Born contribution to the phaseshift of the Zth partial wave for a spherically symmetric potential V(r) is (Joachain 1975) (tan SI)II= -k2 j o m d r r 2 j l ( k r ) ( 2 p V ( r ) / f i 2 )
x jOm dr' rf2j,( kr') ( 2 p V( r ' ) / fi')j,( kr,) n, (kr,).
Substituting for V(r) from (1) into (2), one gets where Note that, for given n, the k dependence of the phaseshift can be determined trivially since I is independent of k. For the evaluation of I, it is most convenient to work in terms of Meijer's G function (Luke 1975 
For a given n, the G function appearing in equation (5) can be evaluated using standard reduction techniques for these functions (Luke 1975) . The fact that the above G function has unit argument further assists in the simplification. We illustrate this reduction technique for the case of n = 4 which corresponds to the adiabatic dipole polarisation potential. The relevant G function is 
At any stage, the G functions can be written in terms of the generalised hypergeometric functions pFq. However, if the last four terms in equation (8) are reduced further, by using recursion relations, to G functions of still lower indices and then these functions are expressed in terms of Gaussian hypergeometric functions 2F, of unit argument, it can be easily seen that the contribution of the last four terms in equation (8) is zero. The first three terms in equation (8) can be expressed in terms of hypergeometric functions 3 F 2 of unit argument which can be evaluated by using Dixon's and Saalschutz's formulae (pp 163-4 of Luke 1975) . The final result is
Thus the second Born contribution of the 1/ r4 interaction to the phaseshifts of higher partial waves ( I 3 2) is with L = I+;. This agrees with the expression given by Ali and Fraser (1977) .
For large separations between a charged projectile (of mass p ) and a neutral atomic or molecular target, the first two terms of the interaction energy, in the adiabatic approximation, are V(r) = -;ada:e2/r4-;aqaie2/r6 (11) where ad and aq are the static dipole and the quadrupole polarisability, in atomic units, of the target, respectively. The first Born contribution of the r-4 and r-6 terms of equation (1 1) 
